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NON-ORIENTABLE LAGRANGIAN SURFACES IN
RATIONAL 4−MANIFOLDS
BO DAI, CHUNG-I HO, AND TIAN-JUN LI
Abstract. We show that for any nonzero class A in H2(X;Z2) in a
rational 4−manifold X, A is represented by a non-orientable embed-
ded Lagrangian surface L (for some symplectic structure) if and only if
P(A) ≡ χ(L) (mod 4), where P(A) denotes the mod 4 valued Pontrja-
gin square of A.
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1. Introduction
A smooth immersion or embedding f : L→ X from a smooth manifold L
into a symplectic manifold (X,ω) is called Lagrangian if dimL = 12 dimX
and f∗ω = 0. The existence of Lagrangian submanifolds is an important
problem in symplectic topology and is studied by many people, see [1, 2, 3,
9, 15] and others. When X is a uniruled 4-manifold, it is well-known that the
only Lagrangian embedding of closed orientable surfaces to X are spheres
and tori, and Lagrangian tori are homologically trivial in X. The existence
question for Lagrangian spheres in a uniruled 4-manifold was completely
answered in [11].
The focus of this paper will be on the existence of embedded non-orientable
Lagrangian surfaces for a given mod 2 homology class. First of all, we have
the following simple observation by the Lagrangian immersion h-principle
and the Lagrangian surgery construction.
Proposition 1.1. Let (X,ω) be a symplectic 4-manifold. For any mod
2 homology class A, there exists an embedded non-orientable Lagrangian
surface representing this class.
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2 BO DAI, CHUNG-I HO, AND TIAN-JUN LI
In light of the general existence, we ask the following question.
Question 1.2. Given a mod 2 class A, what are the possible topological type
of non-orientable Lagrangian surfaces in the class A? Especially, what is the
maximal Euler number (equivalently, the minimal genus)?
We will study this question for rational 4-manifolds. Here, a smooth
4−manifold is called rational if it is S2 × S2 or CP2#kCP2, k ∈ Z≥0.
Recall that each non-orientable surface is diffeomorphic to Nk = kRP2 =
RP2# · · ·#RP2 for some k ∈ N. The Euler number of Nk is 2 − k, and
the genus of Nk is defined to be k. Audin’s congruence theorem ([1]) states
that, for a mod 2 class A in an arbitrary symplectic 4-manifold (X,ω), if A
is represented by an embedded non-orientable Lagrangian surface L, then
the Pontrjagin square of A is congruent to the Euler number of L modulo
4.
The Pontrjagin square referred here is a certain cohomology operation
P : H2(X;Z2) → H4(X;Z4) which is a lift of the mod 2 cup product (cf.
eg. [19]). Furthermore, if A is the reduction of an integral class A¯, then P(A)
is the mod 4 reduction of A¯2. In particular, if X is a rational manifold, then
H2(X;Z) has no torsions, especially 2-torsions, thus every mod 2 class A
has an integral lift A¯, and P(A) ≡ A¯2 (mod 4).
For the zero class, it follows from Givental’s construction in R4 ([6])
that there are non-orientable Lagrangian surfaces with Euler number di-
visible by 4, except possibly the Klein bottle. Remarkably, it was shown
by Shevchishin and Nemirovski ([17] and [14]) that the mod 2 class of a
Lagrangian Klein Bottle in a uniruled manifold must be nonzero. Together
with Audin’s congruence theorem, the problem for the zero class is com-
pletely understood for a uniruled manifold.
Now we assume that A is a nonzero class. The first step is to consider
the situation where the symplectic form ω is not fixed. We apply the classi-
fication of Lagrangian spheres in [11] together with the Lagrangian blow-up
construction in [16], and Givental’s local construction in [6] to show that
Audin’s congruence is also sufficient when A is a nonzero class in a rational
manifold.
Theorem 1.3. Let X be a rational 4-manifold and A be a nonzero class in
H2(X;Z2). Let P(A) denote the Pontrjagin square of A. Then A is repre-
sented by an embedded non-orientable Lagrangian surface of Euler number
χ for some symplectic structure if and only if
P(A) ≡ χ (mod 4).
Remark 1.4. If we denote |P(A)| the normalized P(A) taking values in
{−2,−1, 0, 1}, then the minimal genus of embedded non-orientable Lagrangian
surfaces in a class A is
2− |P(A)| ∈ {1, 2, 3, 4}.
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Notice that for Lagrangian immersions, Proposition 1.1 holds for any
symplectic structure. The next step is to fix the symplectic form, or
equivalently, classify for which symplectic forms there exist an embedded
Lagrangian surface representing A. A distinct feature is that, unlike for
a Lagrangian sphere which only exists for a codimension one locus of the
symplectic cone due to the null symplectic area condition, this seems to be
an open condition. We will deal with this problem in a future work.
The structure of this paper is as following. In Section 2, we introduce
several general approaches in constructing Lagrangian submanifolds and
use them to prove Proposition 1.1. In Section 3, we construct embedded
Lagrangian surfaces with desired genus and prove Theorem 1.3.
Acknowledgement. The third named author would like to thank Banghe
Li for useful discussions on Proposition 1.1. The research of first named au-
thor is partially supported by NSFC 11771232 and 11431001. The research
of second named author is partially supported by MOST 105-2115-M-017-
005-MY2. The research of third named author is partially supported by
NSF.
2. Constructing non-orientable Lagrangian surfaces
2.1. Existence of immersed Lagrangian surfaces. In this subsection
we establish the existence of immersed Lagrangian surfaces in an arbitrary
symplectic 4-manifold.
Let us recall Gromov and Lee’s h-principle ([8], [10]). Let L be a closed
n-manifold and (W,ω) be a symplectic 2n-manifold.
A smooth map f : L→ (W,ω) is called an almost (or formal) Lagrangian
immersion if the following two conditions are satisfied:
(1) f∗[ω] = 0 in H2(L;R).
(2) there is an injective bundle map F : TL → f∗TW over L such that
F (TpL) ⊂ (f∗TW |p, f∗ω|p) is a Lagrangian subspace for any p ∈ L.
Theorem 2.1. (Gromov, Lee) Every almost Lagrangian immersion is ho-
motopic through almost Lagrangian immersions to a Lagrangian immersion.
To apply this h-principle, here is a useful observation. If we take an ω-
compatible almost complex structure on W , then symplectic vector bundles
and complex vector bundles are closely related and Lagrangian subbundles
correspond to real subbundles. Hence condition (2) can be replaced by an
isomorphism as complex vector bundles
TL⊗ C ∼= f∗TW (2.1)
In our situation, we have
Lemma 2.2. Rank two complex vector bundles over a non-orientable surface
are classified by w2.
Proof. Let Σ be a non-orientable surface and E a rank two complex vector
bundle over Σ. In particular, there is an almost complex structure J on E.
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For dimensional reason, there is a nowhere zero section τ ∈ Γ(E). τ ⊕ Jτ
forms a trivial complex line bundle and induces a splitting C ⊕ ξ. The
complex line bundle ξ is classified by c1 ∈ H2(Σ;Z) = Z2. Notice that
c1 ≡ w2 under the mod 2 reduction homomorphism H2(Σ;Z)→ H2(Σ;Z2),
which is an isomorphism in this case. 
Proposition 2.3. Let (X,ω) be a symplectic 4-manifold and A a mod 2
homology class. Suppose Σ is a non-orientable surface and f : Σ → X is a
smooth map such that f∗([Σ]) = A and χ(Σ) ≡ 〈w2(X), A〉 (mod 2). Then
there is a Lagrangian immersion from Σ to (X,ω) which is homotopic to f .
Proof. By Theorem 2.1 it suffices to show that f is an almost Lagrangian
immersion. Since Σ is a non-orientable surface, H2(Σ;R) = 0 and hence
f∗[ω] is automatically zero.
Let us now analyze the bundle f∗TX as a real vector bundle by calculating
the Stiefel-Whitney classes. Firstly, w1(f
∗TX) = f∗w1(TX) = 0 since X is
orientable. Since Σ is non-orientable, we have the pairing 〈w2(f∗TX), [Σ]〉,
and
〈w2(f∗TX), [Σ]〉 = 〈w2(TX), A〉.
For the bundle TΣ⊗ C, as a real bundle,
TΣ⊗ C = TΣ⊕ TΣ
has w1 = 0 and, by Wu’s formula (cf. Theorem 11.14 in [13]),
w2 = 2w2(TΣ) + w1(TΣ) · w1(TΣ) = w1(TΣ) · w1(TΣ) = w2(TΣ).
Since w2(TΣ) is the mod 2 reduction of the Euler class of TΣ→ Σ we have
〈w2(TΣ⊗ C), [Σ]〉 ≡ χ(Σ) (mod 2).
It follows from Lemma 2.2 that (2.1) holds if and only if
χ(Σ) ≡ 〈w2(TX), A〉 (mod 2).

Remark 2.4. Since 〈w2(W ), A〉 ≡ A · A (mod 2), the condition χ(Σ) ≡
〈w2(TX), A〉 (mod 2) is equivalent to χ(Σ) ≡ A ·A (mod 2).
2.2. Existence of embedded non-orientable Lagrangian surfaces. In
this subsection, we review the Lagrangian surgery and Givental’s beautiful
local constructions. Then we use these tools to construct new embedded
Lagrangian surfaces from old or immersed ones in a given symplectic 4-
manifold.
2.2.1. Lagrangian surgery. ([15]) A Lagrangian surgery is a desingulariza-
tion of a transversal Lagrangian intersection point. Let (R2n, ω0) be the stan-
dard symplectic vector space and l1, l2 Lagrangian subspaces of R2n which
intersect transversally at the origin. Let J : R2n → R2n be an ω0-compatible
almost complex structure with l2 = J(l1). Let W = {ξ ∈ l1|ω0(ξ, Jξ) = 1} ∼=
Sn−1. Define a map F : W × R → R2n, (ξ, t) 7→ e−tξ + etJξ. Then F is a
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Lagrangian embedding, and F is asymptotic to l1 as t→ −∞, and asymp-
totic to l2 as t → +∞. One can smooth F outside a large ball to obtain a
Lagrangian embedding F ′ : W ×R→ R2n such that F ′(W × (−∞,−c]) ⊂ l1
and F ′(W × [c,+∞)) ⊂ l2 for some c > 0. The image of F ′, Γ(l1, l2), is
called a Lagrangian handle joining l1 and l2.
In general, if x is a transversal intersection point of two Lagrangian sub-
manifolds L1, L2 or a transversal self intersection point of a Lagrangian
submanifold L, by Weinstein neighborhood theorem, we can choose a neigh-
borhood U of x such that (L1 ∪ L2) ∩ U or L ∩ U is the union of two
Lagrangian disks. The Lagrangian surgery is cutting out U and gluing back
a portion of the Lagrangian handle carefully to construct a new Lagrangian
submanifold.
Notice that the Lagrangian isotopy class of a Lagrangian handle is inde-
pendent of the choice of almost complex structures and smoothing. It turns
out that the topological type of the resulting manifold is also completely
determined. It will be much easier to describe it if we introduce the signs
or orientations for the manifolds and the intersections. Assume the orienta-
tions of l1, l2 are given. The Lagrangian handle Γ(l1, l2) is called positive or
has sign 1 if the orientations of l1, l2 coincide in the image of F
′. Otherwise,
it is called negative or has sign −1. There is a natural orientation for the
positive Lagrangian handle induced by the orientation of l1 and l2.
We know that
Proposition 2.5. ([15])
(1) The sign of the Lagrangian handle Γ(l1, l2) is (−1)
n(n−1)
2
+1ind(l1, l2).
(2) Let Pn = Sn−1 × S1 and Qn = Sn−1 × [−1, 1]/ ∼, where (x, 1) ∼
(τ(x),−1), and τ : Sn−1 → Sn−1 is an orientation reversing involu-
tion. Suppose L is a connected immersed Lagrangian manifold with
a self intersection point x and N is the resulting manifold of a La-
grangian surgery at x. If L is orientable, then N ∼= L#Pn when the
surgery is positive and N ∼= L#Qn when the surgery is negative. If
L is non-orientable, then N ∼= L#Pn ∼= L#Qn.
(3) (a) L,N are homologous (mod 2).
(b) If L is oriented and the surgery is positive, then L,N are ho-
mologous.
When n = 2, the sign of a Lagrangian handle coincides with ind(l1, l2). N
is diffeomorphic to L#T 2 if L is orientable and the index of self intersection
point is 1. Otherwise, N is diffeomorphic to L#KB, where KB denotes a
Klein bottle.
2.2.2. Wavefront construction. Let x = (x1, · · · , xn) be a coordinate system
of Rn and y = (y1, · · · , yn) the coordinates for fibers of T ∗Rn corresponding
to the basis dx1, · · · , dxn. Then λcan =
∑
i yidxi is the Liouville form on
T ∗Rn, and ω0 = −dλcan the standard symplectic structure.
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A smooth section f : L(⊂ Rn)→ (T ∗Rn, ω0) is Lagrangian if f∗ω0 = 0. So
f∗dλcan = df∗λcan = 0 and f∗λcan is closed. f is called exact if f∗λcan = dh
for some function h on L. h is called a generating function of f . The graph
of h in L × R is called a wavefront of f . Note that h is unique up to a
addition by a constant.
Conversely, let h be a smooth function on Rn. Consider the gradient
function ∇h : Rn → Rn. The graph of ∇h is a Lagrangian section of
R2n ∼= T ∗Rn with a generating function h.
In general, if L is a Lagrangian submanifold of a 2n-dimensional symplec-
tic manifold (X,ω) and x ∈ L, we can choose a neighborhood U of x and
a local chart φ : U → T ∗Rn carefully such that φ(L ∩ U) is a Lagrangian
section of T ∗Rn with a generating function h. If f1, f2 are two local sec-
tions with generating functions h1, h2 respectively, then f1, f2 coincide at
x ∈ Rn if and only if ∇h1(x) = ∇h2(x). Geometrically, it is equivalent to
the condition that the wavefronts of f1, f2 are parallel at x. This approach
is extremely useful for n = 2 since we can explicitly draw the wavefronts,
i.e. the graphs of h1, h2 in R3.
Definition 2.6. Let L1, L2 be two Lagrangian sections of T
∗Rn which are
given by fk : Rn → T ∗Rn, i.e. Lk = fk(Rn), and h1, h2 be their generating
functions. Assume further that ∇h1(x) = ∇h2(x) and p = (x, h1(x)). We
define sgn(p) = 1 if det(Hess(h2−h1)) > 0 and sgn(p) = −1 if det(Hess(h2−
h1)) < 0 at p.
When n = 2, sgn(p) can be visualized from the wavefronts easily. We can
assume further that h1(x) = h2(x) by adding constants. If det(Hess(h2 −
h1)) > 0, in a small neighborhood of x, one wavefront is completely in the
top of the other one except x (see Figure 1(a)). When det(Hess(h2−h1)) < 0,
these two wavefronts always intersect at some point near but not equal to x
(see Figure 1(b)). ℎ1
ℎ2 ℎ2
ℎ1
(a) (b)
Figure 1
Definition 2.7. Let L1, L2 be two oriented Lagrangian sections of T
∗Rn
which are given by fk : Rn → T ∗Rn and h1, h2 be their generating functions.
Let Rn be oriented naturally by the ordered basis ∂∂x1 , · · · , ∂∂xn . We define
(1) s(Lk) = 1 if fk is orientation-preserving, s(Lk) = −1 if fk is orientation-
reversing.
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(2) L1, L2 have the same orientation or s(L1, L2) = 1 if the map f2◦f−11 :
L1 → L2 is orientation-preserving. L1, L2 have opposite orientation
or s(L1, L2) = −1 if f2 ◦ f−11 is orientation-reversing.
It is clear that s(L1, L2) = s(L1)s(L2).
Lemma 2.8. Let L1, L2 be two oriented Lagrangian sections of T
∗Rn inter-
secting transversally at p = (x, y). Let h1, h2 be their generating functions.
Let indp(L1, L2) denote the intersection index of L1, L2 at p. Then
indp(L1, L2) = (−1)
n(n−1)
2 s(L1, L2) sgn(p)
Proof. The tangent plane T(x,fk(x))Lk has a basis e
k
i =
∂
∂xi
+
∑
j
∂2hk
∂xi∂xj
(x) ∂∂yj ,
1 ≤ i ≤ n.
Since L1, L2 intersect transversally at p = (x, y), then y = f1(x) =
∇h1(x) = ∇h2(x) = f2(x) and e11, · · · , e1n, e21, · · · , e2n form a basis of Tp(T ∗Rn).
The coefficient matrix of the ordered basis e11, · · · , e1n, e21, · · · , e2n with re-
spect to the ordered basis ∂∂x1 , · · · , ∂∂xn , ∂∂y1 , · · · ∂∂yn is
C =
(
I Hess(h1)
I Hess(h2)
)
.
We can show that det(C) = det(Hess(h2 − h1)). The sign between the
basis ∂∂x1 , · · · , ∂∂xn , ∂∂y1 , · · · ∂∂yn and the standard basis ∂∂x1 , ∂∂y1 , · · · , ∂∂xn , ∂∂yn
is (−1)n(n−1)2 . Hence
indp(L1, L2) = s(L1)s(L2) sgn(det(C))·(−1)
n(n−1)
2 = (−1)n(n−1)2 s(L1, L2)sgn(p)

Example 2.9. (1) Let L be a constant section of T ∗R2 given by y1 =
a, y2 = b. L is Lagrangian and a wavefront of L is a plane h(x1, x2) =
ax1+bx2+c in R3. The wavefronts of two different constant sections
are two non-parallel planes.
(2) (Whitney sphere) Let Sn = {(x, y) ∈ Rn×R|x = (x1, · · · , xn), ||x||2+
y2 = 1} and w : Sn → R2n, w(x1, · · · , xn, y) = (x1, · · · , xn, x1y, · · · , xny).
w can be viewed as the union of two sections of T ∗Rn ∼= R2n over
the unit disk: w±(x) = (x, t±(x)x) where t±(x) = ±
√
1− ||x||2.
Let L± denote the graph of w±.
w± have generating functions h± = ∓13(1− ||x||2)
3
2 . ∇h+ = ∇h−
when ||x|| = 1 or x is the origin. L± can be sewed smoothly along
||x|| = 1. So w is an immersed Lagrangian n-sphere with a double
point at the origin.
When n = 1, h+ and h− have same slopes at x = 0, 1,−1. More-
over, if an orientation of w(S1) is given, it induces orientations for
L±. For instance, if it is oriented as shown in Figure 2, then L+
is oriented in x1 direction and L− is oriented in −x1 direction. So
s(L+, L−) = −1.
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⇒
𝐿−
𝐿+
∇ℎ+=∇ℎ−
ℎ−
ℎ+
=
Figure 2
When n = 2, h+ and h− have same slopes on the circle ||x|| = 1
and at the origin (0, 0). Assume an orientation of w(S2) is given
by a frame near the common boundary of L± as show in Figure 3.
When the frame is moved away from the boundary, we can keep the
first vector in x2 direction, then the second one is in −x1 direction
for L+ but in x1 direction for L−. So the induced orientations for
L+, L− are different (compare with the natural orientation of R2)
and s(L+, L−) = −1. ∇ℎ+(0,0) =∇ℎ−(0,0) (self intersection)
∇ℎ+=∇ℎ−
ℎ+
ℎ−
𝐿+
𝐿−⇒
𝑥1 𝑥1𝑥2 𝑥2
Figure 3
Moreover, at the intersection point p = (0, 0, 0, 0), we know that
Hess(h+ − h−) = 2I,det(Hess(h+ − h−)) = 4 > 0 and sgn(p) = 1.
This also can be observed from Figure 1(a).
(3) Let L1 = L+ ∪ L− be the 2-dimensional Whitney sphere in (2) and
L2 be a nonzero constant section close to but not intersecting with
L1. Without loss of generality, we may assume L2 has a generating
function h2(x1, x2) = x1. Let h
′− be a generating function deformed
from h− as shown in Figure 4 and L′− be its Lagrangian section.
L′1 = L+∪L′− is another Lagrangian sphere in T ∗R2 with one double
point p = (0, 0, 0, 0).
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𝑥1𝑥2
ℎ2
ℎ′−
a b
Figure 4
Along the line x2 = 0, ∇h′− = ∇h2 = (1, 0) at two points
(a, 0), (b, 0), a < b < 0. Moreover,
∂h′−
∂x2
< 0 when x2 > 0 and
∂h′−
∂x2
> 0
when x2 < 0 in the deformed area. So ∇h′− is never parallel to ∇h2
when x2 6= 0 and L′−, L2 intersect transversally at two points p1 =
(a, 0, 1, 0), p2 = (b, 0, 1, 0). Moreover, det(Hess(h
′−−h2)) < 0 at (a, 0)
and det(Hess(h′− − h2)) > 0 at (b, 0). So sgn(p1) = −1, sgn(p2) = 1.
2.2.3. Surgeries on wavefronts. When we consider Lagrangian sections on
the cotangent bundle T ∗Rn, the sign of Lagrangian handles can be easily
read out from their generating functions.
Lemma 2.10. Suppose two Lagrangian sections L1, L2 are oriented and
intersect transversally at p = (x, y). Then the sign of the Lagrangian handle
at p is
−s(L1, L2)sgn(p).
Proof. By Proposition 2.5(1) and Lemma 2.8, the sign of the Lagrangian
handle at p is
(−1)n(n−1)2 +1 · (−1)n(n−1)2 s(L1, L2)sgn(p) = −s(L1, L2)sgn(p)

As we mentioned in the paragraph before Proposition 2.5, the topological
feature of the resulting manifold after Lagrangian surgery is independent
of the choice of the Lagrangian sections. When n = 2, the effect of the
surgery is completely determined by sgn(p) and can be visualized from their
wavefronts easily.
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ℎ1ℎ2
Figure 5
Example 2.11. (1) The 2-dimensional Whitney sphere in Example 2.9 (2)
is an immersed sphere in T ∗Rn with a self-intersection point at p. If
it is oriented, we have shown that s(L+, L−) = −1 and sgn(p) = 1.
By Lemma 2.10, the Lagrangian handle at p is positive and the re-
sulting manifold is an embedded Lagrangian torus in T ∗R2.
(2) Consider the Lagrangian surfaces L′1, L2 in Example 2.9 (3). There
are three intersection or self intersection points: p, p1, p2. Assume
L′1, L2 are oriented such that s(L′−, L2) = 1. By Lemma 2.10, the
Lagrangian handle is positive at p, p1 and negative at p2. If we
apply Lagrangian surgery at p1, the resulting manifold L3 is diffeo-
morphic to L′1#L2 with natural orientation and two double points
p, p2. Applying the surgery to L3 at p, by Proposition 2.5, the re-
sulting manifold L4 also has natural orientation and is diffeomorphic
to L′1#L2#T 2 with one double point p2. Finally, we can apply the
surgery to L4 at p2 and get an embedded Lagrangian surface which
is diffeomorphic to KB#L2#T
2 or L2#4RP2.
2.2.4. Existence of embedded non-orientable Lagrangian surfaces. Now we
can prove the existence of embedded non-orientable Lagrangian surfaces.
Proof of Proposition 1.1. By a classical result of Thom ([18]), any mod 2
homology class is represented by a smooth map f : Σ → M , for some
surface Σ. If necessary, by connecting sum with an appropriate number
of locally null-homologous RP2, we can assume that Σ is non-orientable
and χ(Σ) ≡ 〈w2(X), A〉 (mod 2). Then there is a Lagrangian immersion
Σ→ (X,ω) by Proposition 2.3. Perform Lagrangian surgeries on the double
points to obtain an embedded non-orientable Lagrangian surface in the class
A. 
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We can further construct more Lagrangian surfaces with arbitrary small
Euler numbers.
Proposition 2.12. If A is represented by a Lagrangian surface L, then it
is represented by a Lagrangian surface of type L#(4l)RP2 for any positive
integer l.
Proof. Let f : L → X be a Lagrangian submanifold. By a local version of
Weinstein’s Lagrangian neighborhood theorem, for any x ∈ L, there exists a
neighborhood U and a symplectic embedding φ : (U, ω) → (T ∗Rn, ω0) such
that φ(L∩U) is the intersection of φ(U) with the constant section L2 in Ex-
ample 2.9(3). As shown in Example 2.11 (3), we can take a null homologous
immersed Lagrangian sphere with a self intersection point, and intersecting
L at two other points. Apply Lagrangian surgeries to construct a Lagrangian
submanifold L′, which is diffeomorphic to L#4RP2. By Proposition 2.5(3),
L′ is in the same mod 2 homology class of L.
We can repeat this process and get L#(4l)RP2 for any l ∈ N. 
Remark 2.13. It is more natural to consider the Clifford torus to increase
the genus. Here we choose a deformation of Whitney sphere because it is
easier to give a clear explanation for the whole process via wavefront in this
case. Actually, the construction in Example 2.11 (2) is generic and should
work in more general situations.
2.3. Lagrangian blow-up. In this section, we describe the procedure of
Lagrangian blow-up in [16] and give an important example. Let B˜ =
{(z, l) ∈ Cn × CPn−1 | z ∈ l}, B˜ε = {(z, l) ∈ B˜ | |z| ≤ ε}, and Br =
{z ∈ Cn | |z| ≤ r}. There are two natural projections p1 : B˜ → Cn, and
p2 : B˜ → CPn−1. p1 implies that B˜ is the blowup of Cn at the origin, and p2
implies that B˜ is also the universal line bundle over CPn−1. For any λ > 0,
let ωλ = p
∗
1ω0 + λ
2p∗2ωFS be the induced symplectic form on B˜.
There is a symplectomorphism α : (B˜ε − B˜0, ωλ) ∼= (B√λ2+ε2 − Bλ, ω0),
(cf. [12], Lemma 7.11). In particular, it preserves the real parts of B˜ and
Cn.
Suppose X is a symplectic manifold and x ∈ X. By Darboux’s theorem,
there is a symplectic embedding ψ : (Bδ, ω0) → (X,ω) for δ ≥
√
λ2 + ε2
when λ and ε are sufficiently small, and ψ(0) = x. Let X˜ = (X − ψ(Bλ))q
B˜ε/ ∼, with ψ(α(y)) ∼ y for any y ∈ B˜ε− B˜0. The closed 2-form ω˜ induced
by ω and ω0 is a symplectic structure on X˜.
If X is a symplectic 4-manifold, L is a Lagrangian surface in X and
x ∈ L, then there exists a neighborhood U of x and a symplectic embedding
φ : (U, ω)→ (C2, ω0) such that φ(L ∩ U) is the real part. By Theorem 1.21
in [16], after blowing up at x, L is lifted to a Lagrangian surface L˜ ⊂ X˜
with L˜ ∼= L#RP2. Moreover, the mod 2 class [L˜]2 represented by L˜ satisfies
[L˜]2 = [L]2 + E,
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where [L]2 is the mod 2 class represented by L and E is the mod 2 re-
duction of the exceptional divisor, and we use the natural decomposition
H2(X˜,Z2) = H2(X,Z2)⊕ Z2E.
An important example is the holomorphic blow-up of CP2:
X˜ = {([W1 : W2], [Z0 : Z1 : Z2]) ∈ CP1 × CP2 |Z1W2 = Z2W1}.
There are natural projections pi : X˜ → CPi, i = 1, 2. The projection
p1 : X˜ → CP1 is a nontrivial CP1-bundle over CP1. The preimage p−12 ([1 :
0 : 0]) = CP1×{[1 : 0 : 0]} is the exceptional curve, and p2 : X˜ − p−12 ([1 : 0 :
0])→ CP2 − {[1 : 0 : 0]} is a diffeomorphism.
There is a family of Ka¨hler forms on CP1×CP2, given by ω = p∗1τ1+λ2p∗2τ2,
where λ > 0, and τi are the Fubini-Study forms on CPi. Then X˜ inherits a
family of Ka¨hler forms.
Let H ∈ H2(X˜;Z) be the hyperplane class of CP2, and E the exceptional
class. The real locus of X˜ is diffeomorphic to RP2#RP2 ∼= KB representing
H + E ∈ H2(X˜,Z2). It is an embedded Lagrangian surface with respect
to that family of Ka¨hler forms, and also has the structure of a nontrivial
RP1-bundle over RP1. Note that a fiber of nontrivial S2-bundle over S2
represents the integral class H − E. Hence the Lagrangian KB and a fiber
of the nontrivial S2-bundle represent the same mod 2 class.
3. Minimal genus Lagrangian surfaces in rational 4−manifolds
We will prove the following result
Proposition 3.1. Let X be a rational 4−manifold and A ∈ H2(X;Z2) a
nonzero class. A is represented by a Lagrangian lRP2, 0 ≤ l ≤ 3 (for some
symplectic structure) if and only if P(A) ≡ 2− l (mod 4). Here, we use the
convention S2 = 0RP2.
Proof. The conditions are necessary by [1]. So we just need to show that
they are sufficient.
First we consider the case X = CP2#kCP2, k ∈ N. Assume H is the
generator of H2(CP2,Z), Ei’s are the exceptional classes of H2(X,Z) and
H,Ei ∈ H2(X,Z2) are the reductions of H,Ei respectively. Any class in
H2(X,Z2) is of the form
A = aH + b1E1 + · · ·+ bkEk,
where a, bi are either 0 or 1. Note that P(E1 + · · ·+ Ek) = −k mod 4 and
P(H + E1 + · · · + Ek) = 1 − k mod 4. All our conclusions and results are
valid under permutation of exceptional divisors. For convenience, we will
choose one class in discussion, which also works for any other classes of the
same type. For example, H + E1 can also represent H + E2, H + E3 etc.
Let KX = −3H +
∑
iEi be the standard canonical class. For any t ∈ N,
let
Zt = tH − E1 − · · · − E2t+1 − (t− 1)E(2t+2).
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We explain that Zt is represented by a smooth sphere. Let D be a con-
figuration of t degree one algebraic curves D1, · · · , Dt in CP2, such that
D1, · · · , Dt−1 pass through a common point x, while Dt misses x. Blow up
at x and other 2t + 1 points in Dt which are away from the intersection
points D1 ∩Dt, · · · , Dt−1 ∩Dt, the lift D˜ of D in CP2#(2t+ 2)CP2 is in the
class Zt if we arrange the indices of exceptional divisors appropriately. A
sphere is given by resolving the intersecting points D1 ∩Dt, · · · , Dt−1 ∩Dt.
Hence Zt is represented by a smooth sphere.
By [11] Proposition 5.6, an integral class Z is represented by a Lagrangian
sphere (with respect to some symplectic structure ω with canonical class
KX) if and only if Z is represented by a smooth sphere, Z · KX = 0 and
Z2 = −2. It can be shown straightforwardly that Zt satisfies Zt ·KX = 0 and
Zt
2
= −2. Hence Zt (and its reduction Zt) is represented by a Lagrangian
sphere.
The reduction of Zt is E1 + · · ·+E4l+2 when t = 2l and is H +E1 + · · ·+
E4l+3 when t = 2l + 1. Therefore, the mod 2 classes in the two sequences
{E1 + · · ·+ E4l+2, l ≥ 0} and {H + E1 + · · ·+ E4l+3, l ≥ 0}
are represented by Lagrangian spheres.
We perform the Lagrangian blow-up construction (see Section 2.3) at one
point of a Lagrangian sphere in the mod 2 class E1 + · · ·+ E4l+2 to obtain
a Lagrangian RP2 in the mod 2 class
E1 + · · ·+ E4l+3
for any l ≥ 0. And by repeating this process, for any l ≥ 0, we obtain a
Lagrangian 2RP2 in the mod 2 class
E1 + · · ·+ E4l+4
and a Lagrangian 3RP2 in the mod 2 class
E1 + · · ·+ E4l+5.
Similarly, for any l ≥ 0, by blowing up at 1, 2 or 3 points of a Lagrangian
sphere in the mod 2 class H+E1+ · · ·+E4l+3, we can construct Lagrangian
RP2, 2RP2 = KB or 3RP2 in the mod 2 classes
H + E1 + · · ·+ E4l+4, H + E1 + · · ·+ E4l+5, H + E1 + · · ·+ E4l+6
respectively.
We are only left with the mod 2 classes
0, H,E1, H + E1, H + E1 + E2
to consider. The real part of CP2 is a Lagrangian RP2 of class H. A
Lagrangian KB of H + E1 and a Lagrangian 3RP3 of H + E1 + E2 can be
constructed by blowing up one or two points on this RP2. Blowing up at a
point of the Clifford torus, we get a Lagrangian 3RP2 representing E1.
Since (S2×S2)#kCP2 is diffeomorphic to CP2#(k+1)CP2 for any k ≥ 1,
the remaining rational 4-manifold is S2 × S2. H2(S2 × S2,Z) ∼= Z ⊕ Z has
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two generators, the base class (or section class) B = [S2 × pt] and the fiber
class F = [pt× S2]. Let B,F ∈ H2(S2 × S2,Z2) denote their reductions.
Let φ : S2 → S2 be the antipodal map, and ω a symplectic form on S2
such that φ∗ω = −ω. Note that the standard symplectic form obeys this
condition. Equip S2×S2 with the product symplectic form ω⊕ω. It is easy
to see that the graph of the antipodal map: x 7→ (x, φ(x)) is an embedded
Lagrangian sphere representing the integral class B − F , hence the mod 2
class B + F .
Since the mod 2 classes B and F are symmetric, it suffices to construct
Lagrangian surfaces for the class F . We will construct such a Lagrangian
representative by the real part of CP2#CP2, and embed this Lagrangian
surface into the symplectic fiber sum of two copies of CP2#CP2.
We recall the operation of symplectic fiber sum briefly (cf. [7, 12]). Let
(X1, ω1) and (X2, ω2) be symplectic manifolds of same dimension 2n, and
(Q, τ) be a compact symplectic manifold of dimension 2n− 2. Suppose that
ιi : Q→ Xi
are symplectic embeddings such that their images ιi(Q) have trivial normal
bundles. By the symplectic neighborhood theorem, there are symplectic
embeddings
fi : Q×B2()→ Xi, f∗i ωi = τ ⊕ dx ∧ dy,
such that fi(q, 0) = ιi(q) for q ∈ Q, i = 1, 2.
Let A(, ) be the annulus on B2() with radius  < r < , and φ :
A(, ) → A(, ) be an area- and orientation-preserving diffeomorphism
which swaps the two boundary components. Then the symplectic fiber sum
is defined by
X1#QX2 = (X1 − f1(Q×B2())
⋃
(X2 − f2(Q×B2())/ ∼,
where
f2(q, z) ∼ f1(q, φ(z)), ∀(q, z) ∈ Q×A(, ).
There is a natural symplectic structure on X1#QX2 induced by ω1 and ω2.
Let us take two copies of CP2#CP2 as in the last part of Section 2,
and denote them as X1 and X2. Let L1 be the real locus of X1 which
is a Lagrangian Klein bottle. Regard X1 and X2 as nontrivial S
2-bundles
over S2, and perform symplectic fiber sum X1#S2X2, such that the gluing
region in the base of X1 is away from the real locus RP1 ⊂ CP1. Denote
the resulting manifold and symplectic form as (Xˆ, ωˆ). Then Xˆ is a trivial
S2-bundle over S2, since pi1(Diff
+(S2)) ∼= pi1(SO(3)) ∼= Z2. It is easy to see
that L1 is embedded in Xˆ as a Lagrangian Klein bottle, representing the
fiber class in H2(Xˆ,Z2). 
Let us complete the proof of Theorem 1.3.
NON-ORIENTABLE LAGRANGIAN SURFACES IN RATIONAL 4−MANIFOLDS 15
Proof of Theorem 1.3. It is given by Proposition 3.1 and Propsition 2.12.

References
[1] M. Audin, Quelques remarques sur les surfaces lagrangiennes de Givental, J. Geom.
Phys. 7 (1990), no. 4, 583–598 (1991).
[2] M. Audin, F.LaLonde, L. Polterovich, Symplectic rigidity: Lagrangian submani-
folds. Holomorphic curves in symplectic geometry, pp. 271–321, Progr. Math., 117,
Birkhuser, Basel, 1994.
[3] P. Biran, Geometry of symplectic intersections. Proceedings of the International Con-
gress of Mathematicians, Vol. II (Beijing, 2002), 241–255, Higher Ed.Press, Beijing,
2002.
[4] S. Borman, T. J. Li, W. Wu, Spherical Lagrangians via ball packings and symplectic
cutting. Selecta Math. (N.S.) 20 (2014), no. 1, 261–283.
[5] J. Dorfmeister, T. J. Li, W. Wu, Stability and existence of surfaces in symplectic
4-manifolds with b+ = 1, to appear in J. Reine Angew. Math.
[6] A. Givental, Lagrangian imbeddings of surfaces and unfolded Whitney umbrella, Func-
tional Anal. Appl. 20:3 (1986), 197–203.
[7] R. Gompf, A new construction of symplectic manifolds, Ann. Math., 2nd Series, 142:3
(1995), 527–595.
[8] M. Gromov, Partial differential relations, volume 9 of Ergebnisse der Mathematik
und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], Springer,
Berlin (1986).
[9] F. Lalonde, J.C. Sikorav, Sous-varits lagrangiennes et lagrangiennes exactes des fibrs
cotangents. (French) Comment. Math. Helv. 66 (1991), no. 1, 18–33.
[10] J. Lee, On the classification of Lagrange immersions, Duke Math. J. 43 (1976) 217–
224.
[11] T. J. Li, W. Wu, Lagrangian spheres, symplectic surfaces and the symplectic mapping
class group. Geom. Topol., 16:2 (2012), 1121–1169.
[12] D. McDuff and D. Salamon, Introduction to Symplectic Topology, 2nd Edition, Oxford
Mathematical Monographs, Oxford Science Publications, 1998.
[13] J. Milnor and J. Stasheff, Characteristic classes, Princeton University Press, Prince-
ton, N. J.; University of Tokyo Press, Tokyo, 1974. Annals of Mathematics Studies,
No. 76.
[14] S. Nemirovski, Homology class of a Lagrangian Klein bottle, Izvestiya: Math. 73:4
(2009), 689–698.
[15] L. Polterovich, The surgery of Lagrange submanifolds, Geom. Funct. Anal., 1 (1991),
no. 2, 198–210.
[16] A. Rieser, Lagrangian blow-ups, blow-downs, and applications to real packing, J. Sym-
plectic Geom., 12 (2014), no. 4, 725–789.
[17] V. Shevchishin, Lagrangian embeddings of the Klein bottle and combinatorial proper-
ties of mapping class groups, Izvestia Math., 73:4 (2009), 797–859.
[18] R. Thom, Quelques proprie´te´s globales des varie´te´s diffe´rentiables, Comment. Math.
Helv. 28 (1954), 17-86.
[19] E. Thomas, A generalization of the Pontrjagin square cohomology operation, Proc.
Nat. Acad. Sci. U.S.A., 42 (1956), 266–269.
16 BO DAI, CHUNG-I HO, AND TIAN-JUN LI
School of Mathematical Sciences, Peking University, Beijing 100871, China
E-mail address: daibo@math.pku.edu.cn
Department of Mathematics, National Kaohsiung Normal University, Kaoh-
siung 82446, Taiwan
E-mail address: ciho@nknu.edu.tw
Department of Mathematics, University of Minnesota, Minneapolis, MN
55455
E-mail address: tjli@math.umn.edu
